Introduction
The current accelerated expansion of the universe is one of the most astonishing discovery in golden era of cosmology. This has stimulated many researchers to explore the enigmatic nature of dark energy (DE) which is responsible for the phase of cosmic accelerated expansion. Dark energy possesses large negative pressure with repulsive nature but its many salient features are still not known. Modified theories of gravity are considered as the most favorable and optimistic approaches among other proposals to explore the nature of DE. These theories are established by replacing or adding curvature invariants and their corresponding generic functions in the geometric part of general relativity (GR).
The Einstein field equations are derived from the first Lovelock scalar dubbed as the Ricci scalar (R) in the Lagrangian density which corresponds to gravity while a particular form of quadratic curvature invariants yields second Lovelock scalar known as Gauss-Bonnet (GB) invariant. This invariant is a linear combination of the form G = R 2 − 4R µν R µν + R µναβ R µναβ , where R µν and R µναβ represent the Ricci and Riemann tensors, respectively. Gauss-Bonnet invariant is four-dimensional (4D) topological term which has the feature like it is free from spin-2 ghost instabilities [1] . There are two interesting approaches to discuss the dynamics of G in 4D either by coupling with scalar field or by adding the generic function f (G) in the EinsteinHilbert action. The first approach naturally appears in the effective low energy action in string theory which effectively discusses the singularity-free cosmological solutions [2] .
Nojiri and Odintsov [3] introduced second approach as an alternative for DE known as f (G) gravity which elegantly studies the fascinating characteristics of late-time cosmology. Cognola et al. [4] investigated DE cosmology and found that this theory effectively describes the cosmological structure with a possibility to describe the transition from decelerated to accelerated cosmic phases. De Felice and Tsujikawa [5] constructed some cosmological viable f (G) models and introduced a procedure to avoid numerical instabilities related with a large mass of the oscillating mode. The same authors [6] also found that the solar system constraints are consistent for a wide range of cosmological viable model parameters.
The captivating issue of cosmic accelerated expansion has successfully been discussed by taking into account modified theories of gravity with matter-curvature coupling. Harko et al. [7] presented f (R, T ) gravity (T is the trace of energy-momentum tensor (EMT)) to study the coupling between geometry and matter. Recently, we introduced another modified theory named as f (G, T ) gravity which is a generalization of f (G) gravity [8] . This modification is based on the coupling of quadratic curvature invariant with matter just as f (R, T ) gravity. We studied the non-zero covariant divergence of EMT due to matter-curvature coupling and the massive test particles followed non-geodesic trajectories due to the presence of extra force while the dust particles moved along geodesic lines of geometry. In such matter-curvature coupled theories, cosmic expansion can result from geometric as well as matter component.
The stability issue of the Einstein universe (EU) is as old as relativistic cosmology. Einstein tried to find static solution of his field equations to describe isotropic and homogeneous universe. Since the field equations of GR have no static solution, therefore Einstein introduced the term known as cosmological constant (Λ) to have static solutions. Einstein universe is described by static FRW universe model with positive curvature filled with perfect fluid in the presence of Λ. Initially, this model is considered as the most suitable model to discuss static universe but after few years it is found that EU is unstable against small isotropic and homogeneous perturbations [9] . Harrison [10] found that the unstable EU for dust distribution becomes oscillatory in the presence of radiations and also observed that stable EU exists against small inhomogeneous perturbations. Gibbons [11] proved that EU maximizes the entropy against conformal changes if and only if it is stable against speed of sound (c s ) greater than
. Barrow et al. [12] demonstrated that EU is always neutrally stable in the presence of perfect fluid against small inhomogeneous vector as well as tensor perturbations and also under adiabatic scalar density inhomogeneities until the inequality 5c 2 s > 1 holds but unstable otherwise.
Einstein universe due to its analytical simplicity and fascinating stability properties has always been of great interest to study in the extensions of GR as well as in quantum gravity models. Emergent universe scenario is based on stable EU to resolve the problem of big-bang singularity which is not successful in GR since EU is unstable against homogeneous perturbations [13] . To find stable static solutions, modified theories have gained much attention to analyze the stability of EU. The stability of EU is studied in braneworld, Einstein-Cartan theory, loop quantum cosmology, non-minimal kinetic coupled gravity etc [14] . Böhmer et al. [15] explored its stability using scalar homogeneous perturbations in f (R) gravity and found that stable EU exists for specific forms of f (R) in contrast to GR. Goswami and his collaborators [16] investigated the existence as well as stability of EU in the background of fourth-order gravity theories. Goheer et al. [17] studied the existence of EU for power-law f (R) model and found stable solutions. Böhmer and Lobo [18] discussed the stability of EU in the context of f (G) gravity against scalar homogeneous perturbations and found that stable regions exist for all values of the equation of state parameter (ω).
Böhmer [19] [25] analyzed the existence as well as stability of EU in f (R, T ) gravity and found stable solutions which were unstable in f (R) gravity.
In this paper, we study the stability of EU against scalar homogeneous perturbations in the background of f (G, T ) gravity. This analysis is helpful to examine the effects of matter-curvature coupling on the stability of EU. The paper has the following format. In section 2, we construct the field equations of this theory while section 3 is devoted to analyze the stability under linear homogeneous perturbations around EU for conserved as well as non-conserved EMT. The results are summarized in the last section.
Dynamics of f (G, T ) Gravity
The action for f (G, T ) gravity is given by [8] 
where T = g µν T µν , κ 2 , g and L m represent coupling constant, determinant of the metric tensor (g µν ) and matter Lagrangian density, respectively. The EMT in terms of L m is defined as [26] 
If L m depends on the components of g µν but does not depend on its derivatives, then Eq. (2) yields
Varying the action (1) with respect to g µν , we obtain the field equations as follows
where
and ∇ µ is a covariant derivative whereas Θ µν has the following expression
The covariant divergence of Eq. (4) is given by
In this theory, the field equations as well as conservation law depend on the contributions from cosmic matter contents, therefore every suitable selection of L m provides the particular scheme of dynamical equations. The line element for positive curvature FRW universe model is [15] 
where a(t) is the scale factor. The energy-momentum tensor for perfect fluid is given by
where ρ, P and u µ represent the energy density, pressure and four-velocity of the matter distribution, respectively. For perfect fluid as cosmic matter distribution with L m = −P , Eq. (5) becomes [7] Θ µν = −2T µν − P g µν .
Using Eqs. (7)- (9) in (4), we obtain the following set of field equations
and dot represents the time derivative. The conservation equation (6) for perfect fluid yieldṡ
Stability of Einstein Universe
In this section, we analyze the stability of EU against linear homogeneous perturbations in the background of f (G, T ) gravity. For EU, a(t) = a 0 = constant and consequently, the field equations (10) and (11) reduce to
where G 0 = G(a 0 ) = 0, T 0 = ρ 0 − 3P 0 , ρ 0 and P 0 are the unperturbed energy density and pressure, respectively. To explore the stability regions, we consider linear form of equation of state as P (t) = ωρ(t) and define linear perturbations in the scale factor and energy density as follows
where δa(t) and δρ(t) represent the perturbed scale factor and energy density, respectively. Applying the Taylor series expansion in two variables upto first order with the assumption that f (G, T ) is an analytic function, we have
where δG and δT have the following expressions
where δä = (14)- (18) in (10) and (11), we obtain the linearized perturbed field equations as follows
These equations show that the perturbations in a(t) are related with density perturbations. In the following subsections, we discuss the stability modes for conserved as well as non-conserved EMT.
Conserved EMT
In this case, we assume that general conservation law holds in f (G, T ) gravity. For this purpose, the right hand side of Eq.(13) must be zero which yields
The conserved matter contents of the universe satisfy the relation given by
Using this equation in the elimination of δρ from Eqs. (19) and (20), we obtain the fourth-order perturbation equation in perturbed a(t) as follows
Adding Eqs. (14) and (15), it follows that 2 a 2 0
Using this expression in Eq.(23), the resulting perturbation equation yields
The solution of this equation helps to discuss the stability regions in EU. However, it would be difficult to find stable/unstable solutions due to its complicated nature. We, therefore, consider the particular form of f (G, T ) as follows
This choice of model does not involve the direct curvature-matter non-minimal coupling but it can be considered as correction to f (G) gravity. In this case, we have assumed that the EMT is conserved, therefore, we first constrain the above model such that the conservation law holds for it. For this purpose, using the considered form in Eq. (21), the resulting second order differential equation takes the form
where prime represents derivative with respect to x (x = T or G). The solution is given by
where c i 's (i = 1, 2) are integration constants. This is the unique representation of matter contribution for which conservation law holds with model (26) . The modified GB term f 1 (G 0 ) acts like an effective Λ to the unperturbed field equations. It is worth mentioning here that f (G) gravity is recovered for this choice of f (G, T ) model if f 2 (T ) = 0 [18] . Inserting the values from Eqs. (26) and (27) in (25), the differential equation takes the form
where ∆ j 's (j = 1, 2, 3) are
Equation (28) provides the following solution
where d k 's (k = 1...4) are constants of integration and the parameters Ω 1 and Ω 2 are frequencies of small perturbations given by
In order to avoid the exponential growth of δa(t) or collapse, the frequencies are purely complex which lead to the existence of stable EU. Thus, the condition of stability is achieved when Ω [18]. For simplicity, we introduce a new parameter ζ 1 = 24f ′′ 1 (G 0 ) as well as use κ 2 = 1 and ρ 0 = 0.3 (present day value of density parameter) to discuss the graphical analysis of stable EU [27] . Figure 1 shows the stable regions under homogeneous perturbations of EU for Ω [28] . Figure 3 shows the stability regions for both Ω 
Non-Conserved EMT
Here, we analyze the stability of f (G, T ) model when EMT is not conserved. We consider generic function f 1 (G) and a linear form of f 2 (T ) in Eq. (26) as follows where χ is an arbitrary constant. Substituting in Eq. (13), we obtain
whereρ 0 is an integration constant. The perturbed field equations (19) and (20) take the following form
The first field equation shows the relationship between the perturbed energy density and scale factor perturbations. Eliminating δρ from Eqs.(31) and (32), the resulting differential equation in perturbed a(t) is given by
In this case, the addition of static field equations yields 
whose solution provides the following four frequencies as
When f 1 (G 0 ) = 0 = χ, the frequencies Υ Figure 5 for considered values of χ while stability regions for whole system is observed in Figure 6 . Now, we consider the generalized model given by
Following the same procedure, we obtain the following fourth-order differential equation in perturbed a(t) as follows
The graphical analysis of frequencies Ξ . In this case, the stability region of whole system is completely described by the frequencies Ξ 2 2 . It is interesting to mention here that for f 1 (G 0 ) = 0 = χ, the frequencies Ξ 
Final Remarks
In this paper, we have analyzed the stability issue of EU in the context of f (G, T ) gravity which is the extension of f (G) gravity and is based on the ground of matter-curvature coupling. Due to this coupling, the conservation law does not hold as in f (R, T ) gravity [7] . We have considered the isotropic and homogeneous positive curvature FRW line element with perfect fluid as matter content of the universe. The static as well as perturbed field equations are constructed against linear homogeneous perturbations which are parameterized by equation of state parameter. We have formulated the fourth-order perturbed differential equation whose solutions are analyzed for the existence and stability of EU for specific form of f (G, T ) = f 1 (G) + f 2 (T ). For this choice, we have discussed both the models when EMT is conserved as well not conserved and obtained distinct results as compared to f (G) gravity.
• We have assumed that EMT is conserved in this gravity and obtained a particular form of f 2 (T ) for which the covariant divergence of EMT becomes zero. We have analyzed the regions of stability around EU and found that stable results are observed for a suitable choice of integration constant c 1 .
• Two particular forms of f 2 (T ) are considered for which the covariant divergence of EMT remains non-zero and the value of energy density in terms of scale factor is evaluated. It is found that stable EU exists in this case for both models if the model parameter χ is chosen appropriately.
We conclude that the stable EU universe exists against scalar homogeneous perturbations in the background of f (G, T ) for all values of the equation of state parameter if the model parameters are chosen suitably. Einstein universe against vector perturbations (comoving dimensionless vorticity vector) are stable for all equations of state on all scales since any initial vector perturbations remain frozen. The mechanism for stability analysis of EU against tensor perturbations (comoving dimensionless traceless shear tensor) suggests that these fluctuations may not break the stability of EU in the background of f (G, T ) gravity [12] . It would be interesting to investigate complete analysis of tensor as well as inhomogeneous perturbations in this gravity which will be helpful to explore the EU. It is worth mentioning here that our results reduce to f (G) gravity in the absence of matter-curvature coupling [18] .
